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1. INTRODUCTION 
The general theory of vertices of representations of finite groups over a 
finite field was developed by J. A. Green [4]. In this paper we apply some of 
Green’s results to representations of the symmetric group given by Specht 
modules. We first find upper and lower limits on the order of the vertex, and 
show that in some cases these determine the vertex uniquely. We then look at 
the special case of hook modules, where consideraton of dimension alone is 
usually not sufficient to determine the vertex. We obtain one general result, 
and analyse completely the case where the field has order 2. We find that for 
different hooks both the upper and lower limits for the order of the vertex are 
reached. 
Let K be a field, G a group and H a subgroup of G. An indecomposable 
KG-module M is H-projective if every exact sequence of KG-modules 
0 + A -+ B --) M-t 0 which splits over H also splits over G. Thus a I- 
projective module is the same as a projective module. The smallest such 
group H is uniquely defined up to conjugacy and is called the vertex of M. 
We shall use the following theorems given in [4]. K is a field of charac- 
teristic p and M an indecomposable KG-submodule throughout. 
1.1. Let H be a subgroup of G. Then M is H-projective if and only if 
there is a KH-endomorph&m y of M such that C,.Cz g; ‘ygi is the identity 
endomorphism of M, where Z is a complete set of right coset representatives 
ofHin G. 
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1.2. If M is H-projective, then M is projective relative to any subgroup of 
G which contains H or a conjugate of H. 
1.3. M is projective relative to the defect group of the block of G 
containing M. 
1.4. If A is a p-Sylow subgroup of G and B is the vertex of M, then 
[A: B] divides the dimension of M. 
1.5. Let B be the vertex of M, and let H be any subgroup of G such that 
M is H-projective. If MH is the direct sum of indecomposable KH-modules 
R,,Rz,..., R,, having vertices B, ,..., B,, then 
(i) Bi is contained in a conjugate of B for each i, 1 < i < t, 
(ii) for at least one i, Bi is conjugate to B. 
2. GENERAL RESULTS FOR SPECHT MODULES 
A proper partition [A] of IZ is a sequence (A, ,..., A,) such that ;li > Ai+, and 
i, + a.. + 2, = n. This yields a Young diagram L having Ai nodes in row i, 
and a Specht module S” whose dimension is 
za = n!/H” (1) 
where H* is the product of the hook lengths in A. It follows from theorems of 
James [ 51 that Sa is indecomposable over a field of characteristic p # 2, and 
that at any characteristic S’ is indecomposable if L has no p rows the same 
length. The results in this section apply whenever Sa is indecomposable. 
We take K to be the field Z, of integers modp, where p is any prime. This 
is a splitting field for S,. We denote by e(k) the highest power of p which 
will divide into an integer k. It is readily verified that 
2.1. k + e(k!) = e([pk]!). 
One method of calculating e(z”) is to construct a star diagram I* 
consisting of those nodes which are vertices of hooks whose lengths are 
divisible by p, and taking as separate diagrams those parts which have no 
rows or columns in common. This will give not more than p non-empty 
parts. For example let n = 11, and take the partition (5, 5, 3). 
xxxxx 76532 
ll=xxxxx with hook lengths 65421. 
xxx 3 2 1 
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If p = 3, the star diagram is 
a7 
.x. x . 
x . . . # 
x . . 
which has two non-empty parts, (2) and (1’). The star diagram satisfies the 
following condition which is proved in [2]. 
2.2. There is a one-one correspondence between the hooks of A whose 
length is a multiple of p and the hooks in all constituent of A*, such that a 
kp-hook of /1 corresponds to a k-hook of A*. 
If f is the number of nodes in A* we may deduce 
2.3. e(HA) =f+ e(H’*), where HA’ is the product of the hook lengths 
Of A*. 
We put zA’ =f!/H’*, which may be regarded as the dimenson of the star 
diagram. It then follows from 2.3 and (1) that 
e(z”) - e(z’*) = e(n!) - e(f!) -$ (2) 
By Nakayama’s Conjecture we know that the block of S” is uniquely deter- 
mined by the p-core, which is obtained by removing hooks whose length is a 
multiple of p until no more are left. If bp nodes are removed, b is called the 
weight of the diagram. Robinson [8] proved 
e(zA) = e(n!) - b - e(b!) + efz”‘). 
Comparing this with (2), we have 
2.4. The number of nodes in A* is equal to the weight of 1. 
We now apply these results to the problem of determining the size of the 
vertex of S”. 
THEOREM 2.5. Let 1 be a partition of n having weight b. Then the size of 
the defect group of the block containing 1 is pd, where d = e( [ pb]!). 
ProoJ: It follows from 2.3 that e(z”) is a minimum when e(z”*) is a 
minimum. We can construct a Young diagram ,U for a module in the same 
block as S” by taking the p-core of 1 and adding bp nodes in the top row. 
Then p* consists of a single row, and e(z“*) = 0. Hence the defect of the 
block is e(n!) - e(P) = b + e(b!) = e( [ pb]!). 
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This places an upper limit on the size of the vertex. A lower limit may 
also be derived. 
THEOREM 2.6. Zf ph is the order of the vertex of SA, then 
h > e( [ pb]!) - e(z’*) 
Proof. By 1.4 the index of the vertex of S’ in a p-Sylow subgroup of S, 
is a factor of zA. Hence e(n!) - h < e(z’). The result then follows from 2.3. 
COROLLARY 2.7. If e(z”*) = 0, the vertex of S’ is a defect group of the 
block. 
There are two other occasions when the vertex may be found from 
consideration of order alone. From 1.4 and 1.3 we easily deduce that S,” is 
projective if and only if A is a p-core. 1.4 also gives 
THEOREM 2.8. Zf e(z”) = 0, the vertex of S’ is a p-Sylow subgroup of 
S,, which in this case is a defect group of the block. 
3. VERTICES OF HOOK MODULES OVER Z, 
The hook module S(n-rV’r) corresponds to a diagram with n - r nodes in 
the top row and r rows of length 1. It is generated over KS, by 
rI l<i<j<rtl (Xi-Xjh which is the Specht polynomial corresponding to a 
Young tableau with x ,,..., x,+, in the first column. We shall write this 
polynomial as d(x, .e. x,+, ). Basis elements correspond to tableaux with x, 
in the top left-hand corner and entries in increasing order down the column 
and along the row. Hence the dimension is ( “; ’ ). A non-basis element may 
be expressed as a sum of basis elements by applying the Garnir relation [3] 
4al .-a a,, l I= C (i,j)~(a, .a- a,,,) 
l<i<r+ 1 
where a, ,..., a,.+ 1, aj are distinct elements from (x, ,..., x,}. It is known that 
3.1. (i ) is prime to p if and only if every digit in the base p represen- 
tation of a is at least as big as the corresponding digit in the base p represen- 
tation of b. 
This shows when 2.8 may be applied to find the vertex. The next theorem 
shows us that the order of the vertex of a hook module can reach the lower 
limit given in 2.6. We denote by L(k) the number of digits in the base p 
representation of an integer k, so that pLCk-” < k <pLtk’. 
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THEOREM 3.2. Let p be any prime, and let K = Zp. I/ (i) 
n E 2r + 1 (mod pL”‘) and (ii) p does not divide n or II - r, then any p-Sylow 
subgroup of S, x S,-, is a vertex of.WrV”). 
Proof: Let A be a p-Sylow subgroup of P, the group of permutations on 
r}, B a p-Sylow subgroup of Q, the group of permutations on 
;kl,..., 2rj and C a p-Sylow subgroup of R, the group of permutations on 
{2r + l,..., n - 1 } and suppose that (i) and (ii) are satisfied. We can put 
n = 2r + 1 + apLtr), and since p does not divide n - r, 
e((n - r]!) = e([n - r - I]!) = e([r + apL(‘) J!) = e(r!) + e([apL.“‘]!) 
which is the power of p in 1 B X Cl, and so B x C is a p-Sylow subgroup of 
S,-, defined on {r+ l,..., n}. We show that no proper subgroup of 
AxBxC can be a vertex. We can put r=kp+j, O,<j,<p-1, and 
n - r = sp -t t, 1 ( t ,<p - 1. Since p does not divide n, the star diagram has 
two parts, a row of k nodes and a column of s nodes, and b = k + s. Using 
2.1, 
e( [ pb J!) - e(z”*) = b -t e(b!) - e( [ k + s]!) + e(k!) + e(s!) 
= k -t e(k!) + s + e(s!) = e( (kp]!) + e( IspI!> 
= e(r!) + e( [ n - r]!). 
Thus the lower limit given in 2.6 is the power of p in (A X B X C(. 
Let y be the vector space transformation S(n-r*‘r) --t S(n-r*‘r) in which 
4x,x,+ 1 ‘.. -4 -+ A@,+, *‘* x,,x,) and all other basis elements map to 0. It 
is easily verified that y is a P X Q X R-homomorphism. We induce y up to S, 
and use 1.1 to show that the module is P x Q X R-projective, Let Y be a set 
of coset representatives of Q x R in S,-,- , detined on {r + I,..., n - 1 } and 
Z a set of coset representatives of P x S, _ r-, in S, _ , . Then Y is a complete 
set of interchanges between {r + I,..., 2rj and (2r + I,..., r? - 1) which leave 
the number of elements in each set fixed, and Z is a complete set of 
interchanges between {I ,..., r) and {r i- I,..., n - I/. 
since only the identity coset yields a non-zero image. CiEVy-‘yy is a 
P x S,-,- ,-homomorphism, so for any q, 1 ,< q < r, and any r-set Y from 
Ix r+ , ,-**v x,- 1 I3 
(4) 
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If I/’ is an (r + l)-set which contains more than one term from {x, ,..., xr), 
y-‘yy A(V) = 0 for all y. (5) 
Finally, if V’ is an (r + 1)-set containing none of {x, ,..., x,}, we can write it 
as a sum of basis elements and use (4), giving 
1 y-‘yyd(V’) = (-l)‘Ll(V’), (6) 
We classify the elements of Z and find the contribution which each class 
makes to the summation CzEz CyEY z-‘y-‘yyz &x,x,+, .a. xZr). 
(a) z{L..., r} contains none of { 1, r + I,..., 2rJ. There are (‘-r-* ) 
choices for z. Using (6) if z(1) = V, 2r + 1 ,< u < n - 1, 
z-’ zy y-‘yyzA(x,x,+, .*- x*J= (-l)rZ-‘A(x,,x,+, .*a XZr) 
= (-YA(x,xr+, *.. -5) 
which is independent of u. Since n - r - 2 = r - l(mod#“‘) there must be a 
digit in n - r - 2 which is smaller than the corresponding digit in r and so 
by 3.1 the multiplicity of this term is divisible by p and it vanishes. 
(b) z{ I,..., r} contains 1 and none of {r + l,..., 2r). The number of 
choices for z is f = ( “~1;~ ). By (i) every digit of r - 1 is the same as the 
corresponding digit of n - r - 2 and so by 3.1, p does not dividef: For each 
such z, z-l ~yeUy-lyyz~(x,x,+I . ..~~~)=d(x.+, ...x~~x,,) and so the 
total contribution is JA (x,+ r . . . x+x,J. 
(c) z( l,..., r} contains one of {r + l,..., 2r) and not 1. For each choice u 
from {r + l,..., 2r} there are f choices for z. Suppose zd(x,x,+ , . . . xZr) = 
A(x,x,+, a.. 2,x, . ..xZr). where s>r, 2<q<r, v>r+l and z(l)=s. 
Using (4), 
z-l c y-lyyzA(x,x,+, . ..~~~)=-z-‘A(.x.+, ~.~if~x,~~~x,x,) 
YCY 
= -A(x,+, .a. &x1 .a. xZrxn), 
which is independent of s. Hence the total contribution of these terms is 
-fC:s,+, 4x,+, *** 2,x, **. X2&J. 
(d) z( l,..., r) contains at Zeust 2 of { 1, r + ,..., 2r). Then 
zA(x,x,+ 1 ..a x2,) involves at least two xi with i < r, and by (5) these 
contribute nothing. Hence 
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cc z-‘y-lyyzA(x,x,+, .‘f x,,) ZEZ ysy 
=.f-Wr+, -0. XzrXJ-f 5 (l,u)fl(x,+, *.* -%rxn) 
u=i-+1 
=./4x,+, ‘** XWXJ by (3). 
Hence y induced up to S,,-, is multiplication by a non-zero scalar. Since p 
does not divide n, inducing up to S, will again be multiplication by a scalar, 
and hence there is some non-zero multiple of y which satisfies the conditions 
of 1.1 for P x Q x R and so the module is P X Q X R-projective. Finally, 
since A x B x C is a p-Sylow subgroup of P X Q x R, S”‘-r*l’) is projective 
relative to A x B x C, which must therefore be the vertex. 
4. VERTICES OF HOOK MODULES AT CHARACTERISTIC 2 
When p = 2 and r 2 2, the hook module no longer satisfies the standard 
conditions for indecomposability. It is shown in [6] that the module is 
indecomposable for all r if n is even, but if n is odd it is indecomposable if 
and only if n = 2r + 1 (mod 2L”‘). If n is odd and r is even, the hypotheses 
of 3.2 are satisfied and the vertex is a 2-Sylow subgroup of S, x S,-,. In 
this section we find the vertex for all the remaining indecomposable cases at 
characteristic 2. 
For any s > t, we define 19: to be the KS,,-homomorphism between the 
permutation modules M’“-‘*‘) and M(“-t*‘) which maps a product of s 
distinct elements from {x l,...,~n} onto the sum of all the t-products it 
contains. Thus 8:(x,x,x,) = x,x2 + x,x3 + x2x3. It is shown in [ 71 that at 
characteristic 2, S(“-‘I”) is isomorphic to L!?~~‘(M(“-‘-~~‘~~)), which we 
shall call S(r), the isomorphism being given by 
(3) then takes the form 
e:+l(ul ***a,+, )=e:++7je;+ya, . . . u,,,)]. (7) 
We shall work with S(r) for the remainder of this section and take K = 2,. 
We show first that when n is even the vertex of S(r) and hence of S’n-rV1r’ 
is a defect group of the block. The p-core is empty, and the defect group 
D(n) is a 2-Sylow subgroup of S,. It follows from Brauer’s construction of 
the defect group of a block [l] that if n = Cf= 1 ~,2~, D(n) may be taken as 
the direct product of the groups Pi, ui # 0, where Pi is a 2-Sylow subgroup 
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of Szi defined on {t + l,..., t + 2’) with t = Cj”=i+, ~~2~. Then Pi is generated 
by {g(q), 1 < q < 4, where 
g(q)= n (t+k,t+k+24-9. 
1 ckG2q-l 
(8) 
In particular, D(n) contains all transpositions (2m - 1,2m), 1 < m < n/2. 
We denote by {a, a’} a pair of consecutive integers {2m - 1, 2m}, given in 
either order. A linked sum x in M(“-‘*‘) is a polynomial of the form 
a, -.a a,-, nlgi,,, (bi + b;), where {bi, bf , 1 < i< m} and {a ,,..., ur-,,,} are 
non-overlapping subsets of {xi ,..., x,}. We shall write such a sum as 
a1 .** %rnil(bl . . . b,). If x = a, . . . u~-,,,-~~c~c; .a.c,c;x(b, ... b,), where 
none of a ,,..., arernVZk can be paired, we call m + k the degree of symmetry 
of x. Any sum of r-products may be grouped into linked sums, but the 
grouping is not necessarily unique. We may define a unique linkage by 
grouping terms first by symmetry in (1,2), then by symmetry in (3,4) and 
so on. Thus the linkage of x,x3x, +x2x3x5 + x2xqx5 +x,x2x3 +x,x2x, is 
x3x5(x1 + x2) + X1X2(% + x4) + x2x4x5 * The next two results are easily 
verified. 
LEMMA 4.1. Let y be the monomial a, . . . a,. Then (i) for any k < r, 
(1 + (alyai)] “’ [l + (akya;)]y=ak+l “‘a,X(al “’ ak) if none ofai,...,a; 
appear in y and otherwise it is zero. (ii) If neither b nor b’ appears in y, 
[l+(b,b’)]y=O. 
LEMMA 4.2. Let y be a projection of S(r), z E K, x E S(r) and suppose it 
is known that yx=zx + y, where yy=zy. Then yx=zx. 
This follows from the fact that y2 = y and when K = Z,, z* = z. 
THEOREM 4.3. If n is even, S(r) is indecomposable relative to any group 
G which contains the transpositions (2m - 1,2m) for all m, 1 < m < n/2. 
Proof. Suppose G is a group containing these transpositions, and let y be 
an idempotent KG-endomorphism of S(r). We use reverse induction on the 
degree of symmetry of a linked sum x of elements of MC”-‘-“‘+‘) to show 
that y is multiplication by a scalar. If x = X(b, . s. b,, 1), 19:’ lx = 0, so the 
induction starts with symmetry r. Without loss of generality, we can assume 
that if x has symmetry r, it has one of the forms U, V, where 
u= x,x@, .*. 6,) and V=x,x,X(b, a** brW1), bi#Xl,XZ. 
(i) Suppose x = x,x(b, a.. 6,). Then 
y@:+‘x=y[l+(b,,bj)]... (I+(b,,b:)]8:+‘(x,b,...b,) 
= [I + (b,, b;)] 0.. [ 1 + (b,, b;)] y@;+‘(x,b, .a. b,) = zX(b, ..a b,) 
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by 4.1, where t is the number of monomials in yfY:+‘(x,b, . . . b,) which 
contain precisely one of each pair b,, b; , 1 ,< i < r. Since 
Ktl[w(b, .-a br)l =x@, a-. b,-,) we have yB~+ix=z8~+‘x. 
(ii) Suppose x=~,x~~(b, -.- b,-,), where b, ,..., b,.-, have the same 
values as in part (i). B:“x = x(x, b, . . - b,-,) = OF+‘[b,X(x, b, -a. b,- I)] by 
(7), and by the same reasoning as in part (i), y8:+‘x = k@F+‘x, where k is the 
number of monomials in $F’ ‘(x, b, ... b,.) which contain precisely one of 
each pair bi, 61, 1 < i < r - 1, and one of x,, x2. We show that k = z. 
We express u=y8:+ ‘(xi 6, +.a b,) in terms of the standard basis of S(r), 
that is, u =EBr+‘u, summing over a set of (r + I)-products u =x,v, es0 u,. 
The (r + 1)preoducts which contribute to either z or k have the form ui = bi 
or b( for 1 < i < r - 1. If a, = 2 or a, = vl for some i < r, two monomials of 
19:~‘v contribute to k and none to z. If u, = b, or 6; there is a contribution of 
1 to both k and z. In all other cases (a,,, vi) u = u so that x, v, .‘a v,-, u, and 
XIV, .-. 21,-* , u’ both occur in v giving a contribution of 2 to k and 0 to z. 
Hence k SE z (mod 2). Since x,x,,y(b, a.. b,- 1) is independent of b, it follows 
that we may change one of the entries in U without changing z, and hence 
any number of entries. Thus there is a fixed z in K such that ~0:’ ‘x = ~6’:’ ‘x 
for all linked sums x whose degree of symmetry is r. Now suppose 
x = a, ..a asc,c; .-. c,c;X(b, . . . b,), where s+2k+m=r+ 1 and none of 
a, ,..., a, form a pair, and suppose @:“w = z8;“w for all linked sums w 
whose degree of symmetry is greater than k + m. We show that $:“x = 
z8:’ ‘x + terms of higher symmetry. By 4.1, 
yB;+‘x= [l +(b,,b;)]...[l +(b,,b~)]yB:+‘(a,...a,c,c~..‘c,c;b,...b,) 
for some set ( yi 1 of (s $ 2k)-products. We form a linkage Cvj = Zyi. Since y 
commutes with (2m - 1,2m) for all m, the only elements which can appear 
unsymmetrically in any vj are single members of the pairs ai, ai, 1 < i < s. 
Hence every vj has symmetry at least k, and those of lowest symmetry will 
be monomials containing exactly one of each pair ai, a;. Assume first that 
s # 0. Then [ 1 + (a,, a;)] x has higher symmetry than x, and so by the 
induction hypothesis, 
[ 1 + (a,, a;)] ye:+‘x = [ 1 t (a,, a;)] ze:+‘x. (9) 
Suppose vi = d, . . . dzkts, where some di is not contained in 
{aI, a;, a2r-1 as, cl, ci,..., ckv cl)- Then di also appears in 
[l + (a,, a;)] @;+‘x but not in [I + (a,, a;)] f?;+‘x; a contradiction. Hence 
Zvj= aala .%. a,c,c; . . . ckc; +pa;a, . . . asclc; ..’ ckc; + terms of higher 
symmetry, where a, p E K. Using (9) again, a + p = z. Hence ZVj = ZU, a2 **. 
a,c,c; ..f CkC;+&a, +ai)a, a’* c*c; a** ckc; + other terms of symmetry 
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greater than k. That is, y8F”x = ~8:” x + terms of higher symmetry, and by 
4.2 and the induction hypothesis, yf$? ‘x = z0;+ ix. If s = 0, and 0:’ ‘x # 0, 
we have x = c,c; ... ckc;x(b, . ..b.) with k#O and 2k+m=r+ 1. By (7) 
if d=xi, 1 <i,<n and d does not appear inx, 
8:+1x= e;+‘(de:+‘[c,c; **a c/&y(b, **. b,)]) 
= e;+‘[de;z;+‘(c,c; *** C&J& *.* b,)) 
= e;+l[dX(b, I.. b,)([c, + cl] c*c; a*. c//2; 
+ [c, + c;] c,c,*.* c/J; + .*. )], 
which is composed of linked sums of the first type having symmetry m + k. 
The result then follows as before. Hence every KG-projection of S(r) is 
multiplication by a scalar, and S(r) is indecomposable as a KG-module. We 
have already shown that D(n) is a possible choice for G, giving 
COROLLARY 4.4. If n is even, S(r) is indecomposable relative to the 
defect group of the block. 
It follows from 1.5 that it is sufficient to find the vertex of S(r) as a 
KD(n)-module. 
THEOREM 4.5. When n is even, the vertex of S(r) is a 2-Sylow subgroup 
of s,. 
Proof. Since the p-core is empty, D(n) is both the defect group of the 
block and a 2-Sylow subgroup of S,. If n is a power of 2, dim S(r) is odd by 
3.1, and the result follows from 2.8. Suppose n is not a power of 2. By 1.2 it 
is sufficient to show that S(r) is not projective relative to any subgroup of 
D(n) of index 2. Let H be such a subgroup. Then there is at least one 
generator g(q) of D(n) which is not contained in H. Since n is not a power of 
2, D(n) is a product of at least two groups on distinct elements, so by 
conjugation we can ensure that g(q) does not involve 1 or 2. It is clear from 
(8) that we can choose a basis element y of S(r) (possibly involving x, if r is 
odd) which is unchanged by g(q). We apply 1.1, taking g(q) and the identity 
as coset representatives of Z-Z in D(n). If y is any KH-endomorphism of S(r), 
([g(q)] -I yg(q) + y) y = ([g(q)] - ’ + 1) w. g(q) does not involve 1 so it 
transforms basis elements into basis elements. Hence [ g(q) + 1 ] yy must be a 
sum of an even number of basis elements. Thus [g(q) + 1 ] yy # y for any 
KH-endomorphism y, and by 1.1, S(r) is not H-projective. This completes 
the proof. 
We have seen that if n is odd and r is even, the vertex is as small as 
possible. We end by showing that when n and r are both odd, the vertex is 
again the whole defect group. 
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THEOREM 4.6. When n and I are both odd and S(r) is indecomposable, 
its vertex is the defect group of the block. 
Proof: In this case the p-core contains three nodes, and the defect group 
is D(n - 3), a 2-Sylow subgroup of S,-, . G. E. Murphy has found that S(r) 
is decomposale as a KS, -,-module and that one summand contains 
[ 
n-l w&j;+ x (x,x2 i=r+1 *** x,xJ]. 
We show that w generates a direct KS,-,-summand W of S(r). Let 
S: S(r)+ W be the vector space transformation which maps 
ue:+~(x~x, **a x,x,-2) to ue;+‘C;:;+l (x,x, . . . x,xi) for any permutation u 
on {x2 ,,.., x,-~}, and maps all other basis elements to 0. We show that 6 is a 
KS,-,- homomorphism. Any element of S, -J may be written as [ = (1,j) o, 
where 1 <j < n - 3 and 0 is a permutation on {2,..., n - 3}. If j = 1, [ 
commutes with 6 by definition. Suppose j # 1, and let a(xz a.. x,) = V. If Xj 
is contained in V, 
S(l,j) 8~+‘(x, Vx,-,) = 19:+’ 
[ 
iGv (X1 vxi) = (LA 4qx2 *** X,X,-z). 
I 
2<i<n-1 
If xj is not contained in V, using (7) where necessary, 
S(l,j)S~+‘(x, vx,~2)=6e:+~(xjvx,~2)=se:+~~x,e:~,(xjv)x,~2] 
= e;+l i,z,, [xle:-l(xjv)xil + r6+YxIxj0 (10) 
2<i;n-I 
Now 
(1, j) 0 dO:+‘(x,x, .a. X,X,-~) = (1, j) 0 C e:+l(~,~~ . . . x,x~) 
r+lCi$n-1 
= ,,g,, r9i+‘(XjVXi)= e:+‘(X,XjV) + 1 f?~+'[x,8~+'(xjVXi)] 
3’ iEV.i#j 
l<i<n-1 2$i<n-I 
=(n-r-l)e:+‘(x,xjV)+ x 0;+‘[x,8;+‘(xjV)xi]. (11) 
iW,i+j 
Z(i<n-1 
Since n and r are both odd, (10) and (11) show that 6 commutes with (1, j) D 
in this case also, and hence 6 is a KS,-,-endomorphism of S(r). It is easily 
verified that 6’ = 6 and that the image is the whole of W. Hence W is a 
direct KS,, _ ,-summand of S(r). 
To calculate the dimension of W we note that it is spanned by 
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{&I~“(x,tx,-,)} as t ranges over the set of distinct (r - 1)-products from 
ix 2 ,.‘.f x,~,}. Further, these are linearly independent, since for fixed t the 
monomial tx, _, appears only in the image of 0:+*(x, tx,-,). Hence 
dim W = (“,I:). Now consider the linear transformation p: S(n-r--2*1’~‘) -+ W 
represented by 
C,(x, v> + OF+’ x (x, Vx,) 
i&V 
Z<i(n-1 
for every r-product V from {x2,..., x,-~ 1. This satisfies the conditions for a 
KS,-, -homomorphism given in [ 61, since [ 1 + (i, i + 1 )] /MF-, (x, + . . x,) = 0 
for all i, 1 <i<r- 1 and r+ l<i<n-4, and 
r+ 1 r+ 1 
1 (l,i)/.M-,(x, .-.xJ= x (r+ l,i)O:+’ 
i=l i=l i 
n-l 
x x, ...x,x,~ 
.j=r+ I ) 
rfl 
i 
n-l 
= 1 (i, r+ i)e;+’ x, ... x,+, + x x1 ... xqi 
i=l .j=rt2 I 
L 
n-1 
= (r t 1) e:+yx, . .. x,) + ,;+I J’ 
.j =% 2 
e;+‘(X, . . . x r+l)x,j] 
n-l 
= \‘ 
j=';'tZ 
xje:_,e:+‘(X,...~,+,)+(n-i)e:+~(x,...~,+,)=O, 
since n is odd. S(“--r-2*“-‘) and W have the same dimension and ,!3 is clearly 
onto W, so it is an isomorphism. Hence S(r) has a direct KD(n - 3)- 
summand W isomorphic to S(n--r-2V”-‘), Since n - 3 is even we can apply 
4.4 and 4.5 to W. Thus W is indecomposable as a KD(n - 3)-module and 
has a 2-Sylow subgroup of S, -3 as vertex. Hence by 1.5 the vertex of S(r) 
contains a 2-Sylow subgroup of S,-, . This is the defect group of the block, 
and so it must be the vertex. 
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